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Emergence of classicality in quantum phase transitions
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We show that the long wavelength modes of a field become classical during a second order phase transition
because of the interaction with the short wavelength modes of the field. In a massive scalar field model the
number and thermal states of long wavelength modes, whose Wigner functions are sharply peaked around the
classical trajectories during the phase transition, exhibit only classical correlation without achieving quantum
decoherence. In a linearly coupled scalar field model, the long wavelength modes are shown to effectively
achieve quantum decoherence because of the mode mixing. Finally we define a quantal ordering parameter that
is linear in the field variable and satisfies the classical field equation.
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I. INTRODUCTION

A system becomes classical when it recovers class
correlation and loses quantum coherence, i.e., decoheres
present Universe, for instance, is believed to have exp
enced a quantum-to-classical transition at a certain stag
its evolution from its early quantum state. One of such
coherence mechanisms is the interaction of the system
an environment@1–4#. The environment-induced decohe
ence mechanism explains correctly the density perturba
necessary for the structure formation of the present Unive
@5#. A phase transition is another interesting phenomeno
which one observes the quantum-to-classical transition.
instance, the system of the long wavelength modes of a s
interacting scalar field become classical through the inte
tion with the environment of the short wavelength modes@6#.

Another aspect of classicality is classical correlation. T
parametric interaction of an open system provides class
correlation without any direct interaction with the enviro
ment. The coupling constants~parameters! of the open sys-
tem change explicitly in time. A quantum field model
which the mass parameter changes sign during a quen
second order phase transition provides such an open sys
In this model the dynamical evolution of phase transition
mainly described by a classical order parameter, whose q
tum fluctuations are necessary for domains or topolog
defects@7#. In a previous paper@8# we introduced a quantum
phase transition model without any classical order param
in which a certain symmetric quantum state drives the ph
transition. A question is then raised how the quantum ph
transition exhibits classical features.

In the field model a classical background field is intr
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duced as the order parameter, around which quantum
fluctuates@7#. The expectation value of the field, howeve
vanishes globally from the symmetry~parity! argument@6#.
There is still room for the explanation of the order parame
in quantum theory: the condensation of the field into a
herent state having a nonzero expectation value. Howeve
Ref. @8# this initial quantum state is shown to be either
coherent or a coherent-thermal state. If the system starts
tially from an exactly symmetric state such as the Gauss
vacuum or thermal equilibrium, the quantum law yields
zero expectation value throughout the phase transition.
the other hand, in Ref.@8# another possibility is discusse
that the phase transition may proceed quantum mechanic
in the symmetric quantum state, such as the Gaus
vacuum, number, and thermal states, even without glob
forming a coherent condensate.

In this paper we shall show how classicality emerges fr
the symmetric quantum evolution of phase transition. O
model is a massive scalar field, the mass of which chan
sign to mimick a quenched second order phase transit
This model initially has been used to study the behavior
an inflaton during the slow rollover in the new inflationa
scenario@9# and also has been employed to describe quan
processes of the phase transition during the spinodal inst
ity regime in Ref.@8#. It is known that the Gaussian state
the model obeys a classical probability distribution@9#. In
this paper we shall apply the quantitative measure of b
classical correlation and quantum decoherence in Ref.@10# to
the quantum phase transition. For that purpose we derive
density matrices and Wigner functions for the Gauss
vacuum, number state, and thermal equilibrium.

It is found that the density matrix and Wigner functio
manifestly exhibit classical correlation for the long wav
length ~soft! modes that grow exponentially, whereas bo
long and short wavelength~hard! modes maintain the sam
initial quantum coherence. Hence the massive scalar fi
does not achieve classicality in the genuine sense. To s
©2002 The American Physical Society13-1



n
te
th

t i

e
th

m
a
st
g

e
f
ta
ve
n
ib
d
e

tu
co

an

on
ia

h

f
a

nc-

r a
nd

h-

nn

of

a

-

e-
e-

ator
ro-
n-
, the

ezed

SANG PYO KIM AND CHUL H. LEE PHYSICAL REVIEW D65 045013
how quantum decoherence occurs during the phase tra
tion, we consider an analytically solvable model, motiva
by a self-interacting scalar field, in which a long waveleng
mode is linearly coupled to a short wavelength mode. I
shown that the mode mixing~coupling! between the long and
short wavelength modes drastically reduces the degre
quantum coherence of the long wavelength mode during
phase transition. Thus the long wavelength mode beco
completely classical from the view point of both classic
correlation and quantum decoherence. It is further sugge
that a quantal quantity can be defined out of long wavelen
modes to play a similar role of the order parameter.

The organization of this paper is as follows. In Sec. II, w
derive the density matrices and the Wigner functions o
massive scalar field in the Gaussian vacuum, number s
and thermal equilibrium. In Sec. III, using the quantitati
measure of classical correlation and quantum decohere
we show that the unstable long wavelength modes exh
classical correlation, whereas the short wavelength mo
maintain their initial quantum coherence. In Sec. IV, w
show how a long wavelength mode can achieve quan
decoherence during the phase transition through a linear
pling with a short wavelength mode. In Sec. V, we define
quantal order parameter that is linear in the field variable
satisfies the classical field equation.

II. DENSITY MATRIX AND WIGNER FUNCTION

As the first model for the second order phase transiti
we consider a real massive scalar field with the Lagrang
density

L5
1

2
@ḟ22~¹f!2#2

1

2
m2~ t !f2, ~1!

where the mass is assumed to change sign during the p
transition. Following Refs.@8# and@11#, the action~1!, upon
a suitable mode decomposition, leads to the Hamiltonian

H~ t !5(
a

F1

2
pa

2~ t !1
1

2
va

2~ t !fa
2~ t !G5(

a
Ha~ t !, ~2!

where

va
2~ t !5m2~ t !1k2, ~3!

anda denotes the Fourier mode defined by

fk
(1)~ t !5

1

2
@fk~ t !1f2k~ t !#,

~4!

fk
(2)~ t !5

i

2
@fk~ t !2f2k~ t !#.

The Fourier modes~4! are Hermitian becausefk* 5f2k .
Thus the Hamiltonian~2! consists of the infinite number o
decoupled, time-dependent oscillators. In quantum field
proach the fundamental law is the functional Schro¨dinger
equation~in units of \5k51!
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]t
C~f,t !5Ĥ~ t !C~f,t !. ~5!

As every mode is decoupled from each other, the wave fu
tional to Eq.~5! is now given by the product

C~f,t !5)
a

Ca~fa ,t ! ~6!

of the wave functions of each Schro¨dinger equation

i
]

]t
Ca~fa ,t !5Ĥa~ t !Ca~fa ,t !. ~7!

The Fock space consisting of exact quantum states fo
time-dependent oscillator was first constructed by Lewis a
Riesenfeld@12# ~for the references on many different met
ods, see@13#!.

Now the quantum evolution of the Hamiltonian~2! is re-
duced to that of individual oscillators in Eq.~7!. To find each
Fock space, we follow the so-called Liouville–von Neuma
~LvN! approach developed in Refs.@8# and @11,13#. In the
LvN approach one finds a pair of operators for each mode
the Hamiltonian~2!:

âa~ t !5 i @wa* ~ t !p̂a2ẇa* ~ t !f̂a#,

âa
†~ t !52 i @wa~ t !p̂a2ẇa~ t !f̂a#, ~8!

that satisfy the quantum LvN equation

i
]

]t H â~ t !

â†~ t !
J 1F H â~ t !

â†~ t !
J ,Ĥa~ t !G50. ~9!

Equation~9! leads to the classical equation of motion for
complexwa :

ẅa~ t !1va
2~ t !wa~ t !50. ~10!

By requiring the Wronskian condition

ẇa* ~ t !wa~ t !2ẇa~ t !wa* ~ t !5 i , ~11!

one can makeâa(t) and âa
†(t) satisfy the standard commu

tation relation at any time

@ âa~ t !,âb
†~ t !#5dab . ~12!

In the LvN approach the exact quantum state of the tim
dependent oscillator is determined, up to some tim
dependent factor, by the eigenstate of a Hermitian oper
satisfying Eq.~9!. For instance, the vacuum state is the ze
particle stateâa(t)u0,t&50 according to the standard qua
tum mechanics. Hence, as the phase transition proceeds
time-dependent vacuum state at a late time is a sque
state of the initial vacuum state@13,14#.

As both operators in Eq.~8! already satisfy Eq.~9!, we
choose each number operator as
3-2
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EMERGENCE OF CLASSICALITY IN QUANTUM PHASE . . . PHYSICAL REVIEW D 65 045013
N̂a~ t !5âa
†~ t !âa~ t !, ~13!

and construct the Fock space consisting of the tim
dependent number state

N̂a~ t !una ,t&5nauna ,t&. ~14!

Then the vacuum state is given by

âa~ t !u0a ,t&50, ~15!

and the number state by

una ,t&5
1

Ana!
@ âa

†~ t !#nau0a ,t&. ~16!

In Ref. @8# the number state has the coordinate representa

Cna
~fa ,t !5S 1

2pwa* wa
D 1/4

1

A2nana!
S wa

wa*
D na/2

3HnaS fa

A2wa* wa
D expF i

2

ẇa*

wa*
fa

2G , ~17!

where Hna
is a Hermite polynomial. From the definitio

rC(x8,x)5^x8uC&^Cux&, we find the density matrix for the
number state~17!:

rna
~fa8 ,fa ,t !5S 1

2pwa* wa
D 1/2

1

2nana!

3HnaS fa8

A2wa* wa
D HnaS fa

A2wa* wa
D

3expF2
1

2wa* wa

$fa,C
2 1fa,D

2 %

1 i
d

dt
ln~wa* wa!fa,Cfa,DG , ~18!

where

fa,C5
1

2
~fa81fa!, fa,D5

1

2
~fa82fa!. ~19!

Once given the density matrix~18!, one easily finds the
Wigner function@15#

Pa~fa ,pa!5
1

pE2`

1`

dy^fa2yur̂a~ t !ufa1y&e2ipay.

~20!

Substituting Eq.~18! into Eq. ~20!, we obtain the Wigner
function for Ĥa :
04501
-
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Pna
~fa ,pa!5

1

p
~21!naLna

~8wa* waH̃a!e24wa* waH̃a,

~21!

whereLna
is a Laguerre polynomial and

H̃a~fa ,pa!5
1

2 Fpa2H d

dt
ln~wa* wa!1/2J faG2

1
1

8~wa* wa!2
fa

2 . ~22!

We now turn to the density matrix and Wigner functio
for the thermal state. In Refs.@8# and @11#, the following
density operator is used for each mode:

r̂T a~ t !52 sinhS bva,i

2 De2bva,i (N̂a(t)11/2), ~23!

becauseN̂a(t) already satisfies the quantum LvN equatio
Here the free parametersb andva,i are to be identified with
the temperature and frequency, respectively, of the ini
thermal equilibrium. From the density matrix of Ref.@1#

rT a~fa8 ,fa ,t !5F tanh~bva,i /2!

2pwa* wa
G 1/2

3expF i
d

dt
ln~wa* wa!fa,Cfa,DG

3expF2
1

2wa* wa
H tanhS bva,i

2 Dfa,C
2

1cothS bva,i

2 Dfa,D
2 J G , ~24!

we obtain the Wigner function

PT a~fa ,pa!5
1

p
tanhS bva,i

2 D
3expF24 tanhS bva,i

2 Dwa* waH̃aG .
~25!

Also, the density matrix~18! and Wigner function~21! for
the Gaussian vacuum state (na50) are obtained by taking
the zero temperature limitb→` of Eqs.~24! and ~25!.

The nature of the number state~17! and thermal state~23!
can also be understood from the Wigner functions~21! and
~25!. In particular, the 1-s contour of the Wigner function
contains some useful kinematical information of the quant
state in phase space. The 1-s contour of the thermal state i
defined by

H tanhS bva,i

2 D J 4wa* waH̃a51. ~26!
3-3



m

fo

iti
is
y

uu
f t

er-

oes
ce.
ite
tate
e-
al

hen
d it
is

th

on
m-
tum

ure

al

ame
n.
hen

that
co-
red

SANG PYO KIM AND CHUL H. LEE PHYSICAL REVIEW D65 045013
Here and hereafter the 1-s contour of the Gaussian vacuu
state is obtained by taking limit tanh(bva,i/2)51. As Eq.
~26! describes a rotated ellipse in the phase space (pa ,fa),
we can find the major and minor axes through the trans
mation

p̃a5cosuapa2sinuafa ,

f̃a5sinuapa1cosuafa , ~27!

where

tan 2ua5
2Ca

Ba
12Ba

2
,

Ba
15H tanhS bva,i

2 D J 2wa* wa ,

Ca5H tanhS bva,i

2 D J wa* wa

d

dt
ln~wa* wa!,

Ba
25H tanhS bva,i

2 D J F 1

2wa* wa

1
1

2
wa* waS d

dt
ln~wa* wa! D 2G . ~28!

Then Eq.~26! is written in a canonical form

S p̃a

A1/la
1D 2

1S f̃a

A1/la
2D 2

51, ~29!

where

1

la
6

5S Ba
11Ba

2

2 D 6S Ba
12Ba

2

2 D 1

cosua
. ~30!

Physically, the constant area of the ellipse given by

Aa5
p

Ala
1la

2
5cothS bva,i

2 D , ~31!

implies that the phase transition only squeezes the in
quantum state of the massive scalar field unless there
mode mixing~coupling!. The entropy of each mode given b

Sa' ln Aa5 ln cothS bva,i

2 D , ~32!

is also constant, i.e., isentropic, and vanishes for the vac
state as expected. Without coarse graining the entropy o
massive scalar field does not change.
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III. CLASSICAL CORRELATION OF LONG
WAVELENGTH MODES

We now study classical correlation and quantum decoh
ence of the density matrix~18! or ~24! and the Wigner func-
tion ~21! or ~25!. The Wigner function~21! oscillates for an
excited state and is not always positive definite, so it d
not describe a true probability distribution in phase spa
On the other hand, the Wigner function is positive defin
for the Gaussian vacuum and thermal state. The thermal s
is particularly of physical interest in the phase transition b
cause it is mostly likely that the system starts from a therm
equilibrium.

A quantum system achieves quantum decoherence w
the interference between classical trajectories is lost, an
recovers classical correlation when the Wigner function
peaked along a classical trajectory. The coherence lengl x
of the density matrix~18! or ~24! written in the form

rTa
~f8,fa!5S $tanh~bva,i /2!%

2pwa* wa
D 1/2

exp@2Ga,Cfa,C
2

2Ga,Dfa,D
2 2Ga,Mfa,Cfa,D#, ~33!

is roughly determined by the width offD,a
2 :

l x5
1

AGa,D

5F H tanhS bva,i

2 D J wa* waG1/2

. ~34!

Here the vacuum state result is tanh(bva,i/2)51. Hence the
coherence length increases or decreases depending
whetherwa grows or decays. A large coherence length i
plies a large degree of quantum interference, so quan
decoherence is conditioned by the small magnitude ofl x .

More rigorously, the representation-independent meas
of classical correlation of Ref.@10# is given by

dCC5AGa,C
2 Ga,D

2

Ga,M* Ga,M

5
1

4~wa* wa!2U d

dt
ln~wa* wa!U . ~35!

Similarly, the measure of quantum decoherence@10#, which
is determined by the ratio of the width of the off-diagon
element to that of the diagonal element, is given by

dQD5
1

2
AGa,C

Ga,D
5

1

2 H tanhS bva,i

2 D J . ~36!

This means that the massive scalar field preserves the s
initial quantum coherence throughout the phase transitio

The quantum system recovers classical correlation w
dCC!1 and loses quantum coherence whendQD!1. So the
system becomes classically correlated only whenwa grows
during the evolution. In the opposite case of decayingwa ,
the degree of classical correlation increases compared to
of quantum coherence, but the system retains quantum
herence. To see how the classical trajectory is recove
whendCC!1, we look into the Wigner function~25!. Each
contour of the Wigner function, which is quadraticpa and
3-4
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fa , depicts an ellipse in phase space. Suppose that both
classical fieldfa and auxiliary fieldwa grow exponentially
during the phase transition:

H fa~ t !

wa~ t !J .caef a(t), ~37!

then the classical trajectory obeys

pa~ t !5ḟa~ t !. ḟ a~ t !fa~ t !. ~38!

On the other hand, the last term in Eq.~22! is exponentially
suppressed compared to the first two terms and the ov
coefficient of the exponent increases exponentially, so
Wigner function~25! is sharply peaked around a trajectory
phase space:

pa5F d

dt
ln~wa* wa!1/2Gfa. ḟ a~ t !fa . ~39!

Indeed the Wigner function is sharply peaked around
classical trajectory.

Now we apply the criterion on classicality to the seco
order phase transition via an instantaneous quench, in w
the mass changes sign as

m2~ t !5H mi
2 , t,0,

2mf
2 , t.0.

~40!

Before the quench, the most general solution to Eq.~10! is
given by

wa,i5
1

A2va,i

@coshr ae2 iva,i t1e2 ida sinhr aeiva,i t#,

~41!

where

va,i5Ami
21k2. ~42!

The system is stable and has the minimum expectation v
when r a50, corresponding to the true vacuum state.
r a(5” 0) represents a squeezing parameter of the true vac
state, the vacuum state in Eq.~16! is the one-paramete
squeezed vacua@13#. After the quench, the solution for eac
unstable long wavelength mode matches the initial solu
~41! continuously at the onset of the quench (t50) and is
given by

wa,U f
5

1

A2va,i
F ~coshr a1e2 ida sinhr a!cosh~ṽa, f t !

2 i ~coshr a2e2 ida sinhr a!
va,i

ṽa, f

sinh~ṽa, f t !G ,

~43!

where
04501
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ṽa, f5Amf
22k2. ~44!

Whereas the solution for each stable short wavelength m
is given by

wa,Sf
5

1

A2va,i
F ~coshr a1e2 ida sinhr a!cos~va, f t !

2 i ~coshr a2e2 idasinhr a!
va,i

va, f
sin~va, f t !G ,

~45!

where

va, f5Ak22mf
2. ~46!

Thus, after the quench, the amplitude square of the l
wavelength mode increases exponentially as

wa,U f
* wa,U f

5
1

2ṽa, f

@cosh~2r a!cosh~2ṽa, f t !

1sinda sinh~2r a!sinh~2ṽa, f t !#. ~47!

Therefore, the measure of classical correlation~35! for the
long wavelength modes decreases exponentially to zer
the spinodal instability continues. Also, the Wigner functi
~21! is sharply peaked around the classical trajectorypa

.ṽa, ffa . On the contrary, the short wavelength mod
have oscillating, bounded, amplitudes

wa,Sf
* wa,Sf

5
1

2va, f
@cosh~2r a!cos~2va, f t !

1sinda sinh~2r a!sin~2va, f t !#. ~48!

Thus the measure of classical correlation~35! cannot become
small for the short wavelength modes. But the measure
quantum decoherence~36! of the long and short wavelengt
modes remains constant.

In summary, the unstable long wavelength modes of
massive scalar field recover classical correlation during
phase transition whereas the stable short wavelength m
do not. However, both the long and short wavelength mo
retain the same quantum coherence throughout the p
transition.

IV. QUANTUM DECOHERENCE DUE TO MODE MIXING

The long wavelength modes of the massive scalar fi
model in Sec. III gain classical correlation during the seco
order phase transition without achieving quantum decoh
ence. A more realistic model of the quantum phase transi
is provided byF4 theory with the Lagrangian density

L5
1

2
@ḟ22~¹f!2#2

1

2
m2~ t !f22

l

4!
f4, ~49!
3-5
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wherem2(t) is assumed to change sign as in Eq.~40!. Upon
decomposing the field into the Fourier mode~4!, the Hamil-
tonian obtained from Eq.~49! takes the form@16#

H~ t !5(
a

F1

2
pa

2~ t !1
1

2
va

2~ t !fa
2~ t !G

1
l

4! F(a fa
4~ t !13 (

a5” b
fa

2~ t !fb
2~ t !G , ~50!

whereva
2 is given by Eq.~3!. The last coupled anharmoni

terms prohibit any analytical solution. In the Gaussian
proximation of the Hartree-Fock@7# or Liouville–von Neu-
mann method@8#, the number state of each mode is s
given by Eq.~17!, wherewa now obeys the mean-field equa
tion

ẅa~ t !1Fva
2~ t !1

l

2 (
b

wb* ~ t !wb~ t !Gwa~ t !50. ~51!

In the Gaussian approximation the termf4 affects only the
auxiliary variablewa through Eq.~51!, but does not change
the form of the state~17!. Therefore, the Gaussian approx
mation for the self-interacting scalar field~49! does not lead
to quantum decoherence. As the short wavelength mo
provide an environment to the long wavelength modes,
mode mixing is expected to lead to quantum decoherenc

To analytically study the mode-mixing effect between
long and short wavelength mode, we consider an exa
solvable model

HM~ t !5
1

2
pS

21
1

2
vS

2~ t !fS
21

1

2
pH

2 1
1

2
vH

2 ~ t !fH
2 1lfSfH .

~52!

Here the subscriptSandH denotes the long and short wav
length mode, respectively. AsvS

2 and vH
2 depend on time

throughm2(t), the orthogonal transformation leading to no
mal modes depends time explicitly. Hence the product of
instantaneous eigenstates of each normal mode is not a
act quantum state of the original Hamiltonian~52!. The
Schrödinger equation has a Gaussian state of the form

C0~fS ,fH ,t !5N~ t !exp@2$AS~ t !fS
21lB~ t !fSfH

1AH~ t !fH
2 %#, ~53!

whereN is the normalization constant, which is not of mu
concern to this paper. The coefficients determined by
Schrödinger equation are

AS~ t !52 i
u̇* ~ t !

2u* ~ t !
,

AH~ t !52 i
v̇* ~ t !

2v* ~ t !
,

04501
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e

B~ t !5 i
E u* ~ t !v* ~ t !

u* ~ t !v* ~ t !
, ~54!

where

ü~ t !1FvS
2~ t !1l2H E u~ t !v~ t !

u~ t !v~ t !
J 2Gu~ t !50, ~55!

v̈~ t !1FvH
2 ~ t !1l2H E u~ t !v~ t !

u~ t !v~ t !
J 2Gv~ t !50. ~56!

We solve Eqs.~55! and~56! separately for two cases: befor
and after the phase transition.

First, before the phase transition, the frequencies take
constant valuesvS

2(t)5vS,i
2 andvH

2 (t)5vH,i
2 . The solutions

to Eqs.~55! and ~56! are found to be

u~ t !5
1

A2VS

e2 iVSt,

v~ t !5
1

A2VH

e2 iVHt, ~57!

where

VS
25vS,i

2 2S l

VS1VH
D 2

,

VH
2 5vH,i

2 2S l

VS1VH
D 2

. ~58!

Hence the Gaussian state is given by

C0~fS ,fH!5N expF2H VS

2
fS

21
l

VS1VH

3fSfH1
VH

2
fH

2 J G , ~59!

and the reduced density matrix for the long wavelength m
by

rR~fS8 ,fS!5E
2`

1`

dfHr~fS8 ,fH8 ;fS ,fH!

5N* NA p

VH
expF2H VS

2
l2

VH~VS1VH!2J fS,C
2 2VSfS,D

2 G . ~60!

Finally, from the coefficients of the density matrix~33!
3-6
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GS,C5VS2
l2

VH~VS1VH!2
, GS,D5VS , GS,M50,

~61!

the measure of quantum decoherence is given by

dQD5
1

2
AGS,C

GS,D
5

1

2
A12

l2

VSVH~VS1VH!2
, ~62!

and that of classical correlation by

dCC5AGS,C
2 GS,D

2

GS,M* GS,M

. ~63!

Therefore, quantum decoherence is achieved by the m
mixing, but the characteristic behavior of classical corre
tion does not change.

Second, after the phase transition, Eqs.~55! and ~56! be-
come

ü~ t !1F2ṽS, f
2 1l2H E u~ t !v~ t !

u~ t !v~ t !
J 2Gu~ t !50

~64!

v̈~ t !1FvH, f
2 1l2H E u~ t !v~ t !

u~ t !v~ t !
J 2Gv~ t !50.

In the weak coupling limitM!ṽS, f ,vH, f , the approximate
solutions are found to be

u~ t !5c1eṼSt, v~ t !5c2e2 iVHt, ~65!

where

ṼS5ṽS, f2
l2

2ṽS, f
S ṽS, f1 ivH, f

ṽS, f
2 1vH, f

2 D 2

2 i
l4

2ṽS, f
2 vH, f

S ṽS, f1 ivH, f

ṽS, f
2 1vH, f

2 D 4

2
l4

8ṽS, f
3 S ṽS, f1 ivH, f

ṽS, f
2 1vH, f

2 D 4

,

ṼH5vH, f1
l2

2vH, f
S ṽS, f1 ivH, f

ṽS, f
2 1vH, f

2 D 2

1 i
l4

2ṽS, fvH, f
2 S ṽS, f1 ivH, f

ṽS, f
2 1vH, f

2 D 4

2
l4

8vH, f
3 S ṽS, f1 ivH, f

ṽS, f
2 1vH, f

2 D 4

. ~66!

These solutions are accurate at late times provided
Re(ṼS)t@1. Then, the reduced density matrix is given b
04501
de
-

at

rR~fs8 ,fS!5N* NA p

AH* 1AH

exp@2GS,CfS,C
2 2GS,DfS,D

2

2GS,MfS,CfS,D#, ~67!

where

GS,C52FReAS2
l2~ReB!2

4 ReAH
G , ~68!

GS,D52FReAS1
l2~ Im B!2

4 ReAH
G , ~69!

GS,M54i F Im AS2
l2~Re B!~ Im B!

2 ReAH
G . ~70!

To orderl4, the coefficients are approximated by

GS,C5
5l4vH, f~ṽS, f2vH, f !

2ṽS, f~ṽS, f
2 1vH, f

2 !4
, ~71!

GS,D5
l2

vH, f~ṽS, f
2 1vH, f

2 !
F11

l2vH, f

~ṽS, f
2 1vH, f

2 !3

3S ṽS, f
4

2vH, f
3

2
3ṽS, f

2

vH, f
2

5vH, f
2

2ṽS, f

1vH, f D G , ~72!

GS,M522i ṽS, fF11
l2vH, f

2

2ṽS, f
2 ~ṽS, f

2 1vH, f
2 !2

1
l4

~ṽS, f
2 1vH, f

2 !4 S 16

5
2

3vH, f
2

2ṽS, f
2

2
vH, f

4

4ṽS, f
4 D G . ~73!

Therefore, tol4 order, the measure of quantum decoheren
is given by

dQD5
l

2A5vH, f
2 ~ṽS, f2vH, f !

2ṽS, f~ṽS, f
2 1vH, f

2 !2
, ~74!

and that of classical correlation by

dCC5
5l6

4

uṽS, f2vH, f u

ṽS, f
2 ~ṽS, f

2 1vH, f
2 !5

. ~75!

A few comments are in order. First, quantum decohere
is observed even for the quadratic Hamiltonian~52!. It is a
consequence of the mode-mixing and does not exclusiv
pertain to the nonlinearity of the system. For the quadra
system with constant parameters, the parameters introd
in Ref. @4# as

eh5Al1

l2
, tan~2u!5

l

vH
2 2vS

2
, ~76!

where
3-7
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l65
1

2
@vS

21vH
2 6A~vS

22vH
2 !21l2#, ~77!

yield another expression for quantum decoherence

dQD5
1

2
A 1

cosh2h2sinh2h cos2~2u!
. ~78!

Obviously, there is no quantum decoherence,dQD51/2, for
the zero mode-mixingl5u50. In the limiting case of weak
coupling l!uvH

2 2vS
2u, the mixing angle is small (u'0)

and the measure of quantum decoherence becomesdQD
'1/2, which is consistent with the result~62!. Whereas, for
the two identical oscillatorsvS5vH with the maximum mix-
ing anglea5p/4, the measure is simply given by

dQD5
1

2 coshh
, ~79!

where

eh5A2vS
21l

2vS
22l

. ~80!

Second, it is shown that the unstable system efficien
achieves quantum decoherence through the coupling wit
environment. This effect is also observed in the Bateman
the Feshbach-Tikochinsky oscillator. The Bateman
Feshbach-Tikochinsky oscillator is a conserved tw
oscillator system which consists of a damped and an am
fied oscillator@17,18#. The amplified oscillator has an expo
nentially increasing amplitude at the expense of the dam
oscillator and reminds us of the unstable mode of the mo
~52!. It is found that the amplified oscillator shows a simil
quantum decoherence@19#. Thus it may be inferred that eve
in quadratic systems quantum decoherence is a consequ
of the mode mixing~coupling! of systems to the environ
ment.

V. QUANTAL ORDER PARAMETER

In the previous section it is found that the unstable lo
wavelength modes recover their classical correlation but
stable short wavelength modes retain the quantum coher
during the quench. Thus the parametric interaction via
quench makes the quantum phase transition exhibit class
ity. As some, though not all, of the essential features of
second order phase transition can also be explained by
sical theory, it would be interesting to find a quantal quan
that behaves like a classical order parameter.

In quantum theory the order parameter is frequently
fined by ^f̂(t,x)&, the mean value of the field. The mea
value of a coherent state satisfies the classical field equa
with quantum correction from fluctuations. However, t
thermal state or Gaussian vacuum studied in this pape
symmetric, so the expectation value of the field modes~field!
with respect to this state vanishes:
04501
ly
an
or
r
-
li-

d
el

nce

g
e
ce
e
al-
e
s-

y

-

on

is

^f̂a&T5Tr~f̂ar̂T,a!50. ~81!

The nonzero expectation values come from the quadr
moment of the field or field modes. One candidate is
two-point function^f̂(t,x)f̂(t,y)&. It satisfies the classica
field equation in the case of a massive scalar field but no
the case of a self-interacting scalar field. As the two-po
function is quadratic in the field variable, we wish to define
quantity that is linear in the field variable and satisfies
classical field equation.

We note that the quadratic moment of the field mode a
has the nonzero expectation value

^f̂a
2&T5wa* wa cothS bva,i

2 D . ~82!

The classical equation~10! for a complexwa leads to the
equation@8#

j̈a~ t !1va
2~ t !ja~ t !2

1

4ja
3~ t !

50, ~83!

whereja is the amplitude of complexwa :

wa~ t !5ja~ t !eiua(t). ~84!

The last term in Eq.~83!, which originates from quantization
rule and guarantees the Heisenberg uncertainty principle,
be neglected for the long wavelength modes becauseja in-
creases exponentially during the quench. Therefore, it
proximately satisfies

j̈a~ t !1va
2~ t !ja~ t !.0. ~85!

As eachjke
ik•x satisfies the classical field equation, it fo

lows that the quantal quantity defined by

fO~ t,x!5E
k50

k<mf d3k

~2p!3
jk~ t !eik•x

5E
k50

k<mf d3k

~2p!3 F ^f̂a
2&T tanhS bva,i

2 D G1/2

eik•x

~86!

also satisfies the classical field equation

f̈O~ t,x!2¹2fO~ t,x!1m2~ t !fO~ t,x!.0. ~87!

It should be remarked thatfO is linear in the field variable
and is defined out of the long wavelength modes, which
come classically correlated during the quench. In this se
fO carries many features of the classical order paramete

VI. CONCLUSION

We studied classical correlation and quantum decohere
in quantum phase transition. For the initial state such as
Gaussian vacuum or number state or thermal equilibrium,
expectation value of the field vanishes throughout the ph
3-8
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transition. Hence it cannot be used as the order param
The phase transition in such a symmetric state, however,
be explained entirely within the framework of quantum fie
theory. In the massive scalar field model the long wavelen
modes become unstable and grow exponentially during
quench. The quantitative measure from the density ma
shows classical correlation of the long wavelength mo
during the phase transition. Likewise, the Wigner functio
for these modes are sharply peaked around their clas
trajectories and thus confirm classical correlation. Where
the short wavelength modes are stable throughout the qu
process and retain the quantum coherence.

Classicality is, in a strict sense, conditioned not only
the recovery of classical correlation but also by the loss
quantum coherence. However the massive scalar model
not achieve completely quantum decoherence, because
measure of quantum decoherence keeps the value determ
by the initial Gaussian vacuum or thermal equilibrium
Hence the system recovers classicality partially, depend
on the relative magnitude between the measures of clas
correlation and quantum decoherence. To achieve quan
decoherence it is necessary for the long wavelength mode
couple to an environment. The environment-induced de
herence was studied numerically in the self-interacting sc
field model, where the long wavelength modes are coup
to the short wavelength modes@6,20#. However, it is very
hard to find any analytical solution of the self-interacti
scalar model. The Gaussian approximation of the Hartr
Fock @7# or the Liouville–von Neumann method@8# does not
include the mode mixing effect appropriately to expla
quantum decoherence.

In this paper, to analytically study the mode mixing effe
we turned on a linear coupling between the long and sh
wavelength modes of the massive scalar field. This exa
solvable model shows that the long wavelength modes
C

um

.

av
b-

s.
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ch
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g
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deed decohere because of the mode-mixing with the s
wavelength modes. Therefore, classicality emerges du
the phase transition from the unstable long wavelen
modes coupled to the stable short wavelength modes. T
long wavelength modes behave classically and provid
quantal quantity that is linear in the field variable, satisfi
the classical field equation, and thus behaves like a class
order parameter.

After this paper was completed, we were informed of R
@21#, which also shows quantum decoherence of the lo
wavelength modes through the nonlinear coupling to
short wavelength modes in the self-interacting scalar fi
and confirms the numerical result@6#. However, any analyti-
cal solution in a closed form has not been found for t
self-interacting scalar field. At best, the analytical soluti
can be found by perturbatively including the mode-mixi
terms @16#, which is beyond the scope of this paper. T
non-Gaussian effect from the mode-mixing is expected
result in quantum decoherence. As quantum decoheren
largely a consequence of mode-mixing~coupling!, our ex-
actly solvable model may shed some light in understand
the mechanism of classicality.
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